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Introduction
The analytical modelling of the nonlinear Kerr effect is important to analyze nonlinear noise and its impact on the performance of optical transmission systems [1, 2] . Several analytical models have been derived from the nonlinear Schrödinger equation (NLSE). The analytical model that describes nonlinear Kerr effects resulted in a single span system [3] has provided the basis to derive the analytical models of nonlinear wave mixing generated in discretely amplified multi span (lumped) transmission systems [4] [5] [6] . The power profile and dispersion accumulation result an oscillation [4] [5] [6] (as a function of spectral separation) of the nonlinear products power which was experimentally demonstrated in [7] . The dispersion of the optical fiber has a significant influence on the mixing efficiency where a low dispersion enhances the phase matching bandwidth whilst high dispersion reduces it [8] . In a dispersion managed optical transmission system, dispersion compensating fibers (DCF) can be deployed in a periodic (per span) [9] or in an aperiodic [10, 11] manner and the wave mixing efficiency can be calculated from the coherent summation of fields generated from each fiber in the system [12, 13] . In distributed Raman amplified transmission systems, the more complex signal power variation makes the integration of NLSE hard to solve analytically, so numerical integration (over fiber length) is typically required to describe the nonlinear effects [14] , and oscillation in the mixing efficiency is still observed [14] .
Mid-link (or multi-) OPC may compensate for some or all of the nonlinear mixing; the level of compensation depends on the symmetry of dispersion and signal power profile in reference to the point of conjugation [15] . The analytical description of the nonlinear mixing efficiency for a discretely amplified transmission system with mid-link OPC was described in [16] and experimentally verified in [17] . Distributed Raman amplification enhances signal power symmetry and significantly improves the nonlinearity compensation efficiency that the OPC can achieve. Although a mid-link OPC can achieve full inter-signal nonlinearity compensation (with ideal symmetric systems), the benefit will still be limited stochastic effects, such as polarization mode dispersion and parametric noise amplification. In general, the impact of such effects may be minimized by deploying multiple OPCs along the system [18] [19] [20] . However, whilst analytical descriptions of nonlinear wave mixing efficiencies, allowing the derivation of nonlinear noise, are available for OPC free systems and for lumped amplifier systems employing a single OPC, there is no such analytical description for the more promising cases of multiple OPC and Raman amplifier based OPC systems.
In this paper, we present a consistent approach to the derivation of nonlinear wave mixing efficiencies for both amplification schemes and as a function of the number of OPCs. For completeness, we review prior analytical descriptions [14, 16, 21] in addition to presenting, for the first time, analytical descriptions of nonlinear wave mixing efficiencies with multiple OPC and of Raman amplifier based OPC systems. We verify the key equations by both simulation and selected experimental results, extending our previous experimental work [17] to include experimental measurements obtained from distributed Raman amplifier based OPC systems. For simplicity, we restrict numerical verifications to 1st order distributed Raman systems. In this paper we analyze optical transmission system that deploy standard single mode fibers (SSMF) since the high dispersion accumulation reduces the nonlinear Kerr efficiency, which makes the dispersion uncompensated SSMF and attractive design choice for long-haul transmission systems. We have also studied per-span fully dispersion compensated system to highlight that such systems enhance the nonlinear Kerr efficiency compared to dispersion uncompensated systems.
Nonlinear Kerr power in optical transmission systems without OPC
In discretely amplified systems, an optical amplifier (often an erbium doped fiber amplifier EDFA) is located at the end of each span to compensate for fiber attenuation. In a symmetric uniform optical transmission system, all the spans of the system have the same length, all the in-line amplifiers will provide similar gain (G = exp(αL)). Assuming negligible pump depletion, the analytical solution of the inhomogeneous wave equation [3] which describes the evolution of an optical field (spectrally located at ω F ) resulting from the nonlinear wave mixing between three other optical waves (q, r, s such that ω F = ω q + ω r -ω s ) can be written (for a system with N spans each of length L) as [12]:
where E k (z) is the optical field spectrally located at ω k measured at distance z, γ is the effective nonlinear coefficient of a fiber with random birefringence [22] , and D the degeneracy factor arising from mathematically identical permutations of the fields. The commonly known effects of self-phase modulation (SPM), cross phase modulation (XPM), and four wave mixing (FWM) [8] correspond to D takes values of 1, 3, or 6, respectively, and certain specific ordering of the field components (for XPM). SPM corresponds to the case where a single optical wave is involved in the generation of the nonlinear component (ω q = ω r = ω s , which takes D = 1). XPM and degenerate FWM are often addressed to the same phenomenon where two of mixing components have the same frequency (ω q = ω r ≠ω s , which takes D = 3), non-degenerate FWM (or simply FWM) corresponds to all remaining cases including that of unique optical tones are involved in the nonlinear mixing process (ω q ≠ω r ≠ω s , which takes D = 6). For a dispersion managed system with negligible nonlinearity in the dispersion compensating modules, δ is the ratio of the residual dispersion to fiber dispersion per span [23] , and Δβ = β q + β r -β s -β F is the phase matching coefficient of the fiber which, assuming negligible higher order dispersion, relates to the dispersion factor β" as follows [8] :
The terms up to and including the squared bracket in Eq. (1) represents the solution for a single span [3] , while the last term represents the phase shift resulted by the accumulation of dispersion along the prior N-1 spans. The total power of the nonlinear product |E F (NL)| 2 can be written as [5] [6] [7] : 
where (3) shows that the power of the mixing product scales quadratically with the nonlinear factor of the fiber (γ), and cubically with the power per wave (if all waves have the same power). The first two squared brackets in Eq. (3) show that the nonlinear product depends on the fiber properties [3, 8] . The last term governs the impact of inter span quasi-phase matching [4] [5] [6] [7] which is maximized when the nonlinear products for each span all add constructively. Figure 1(a) shows the simulation (conducted in VPITransmissionMaker 9.8) and experimental setup to obtain the nonlinear product power generated by the end of the transmission system. The setup uses two tunable CW lasers combined using a 3dB coupler and launched into the transmission system. At the output of the system, the optical spectrum was observed to measure the nonlinear product power (P F ) as the separation between the two CW lasers was changed [red arrows on the spectrum of Fig. 1(a) ]. EDFAs in the simulation model were noiseless amplifiers (to be able to measure XPM that has low power). The nonlinear product was measured experimentally using a 150MHz resolution optical spectrum analyzer (OSA). The frequency sweeping range throughout this paper does not extend beyond 40GHz, we have chosen this range to avoid the XPM power from falling below the ASE noise level in the experimental validations. As seen from Fig.  1(b) , the XPM power degrades quartically as a function of the frequency separation (when Δβ>>α) which can be concluded from Eq. (3). The same quartic degradation can be observed (at the peaks of the XPM power) in the two-span system [ Fig. 1(c) ]. In general, the main characteristics are as expected [4] and the simulation results show a good agreement with the analytical predictions, while the experimental results show a margin of error of 0.5dB (at the peaks) compared to the analytical predictions. We believe that the mismatching between the analytical predictions and the experimental results at the nulls are due to the limited resolution of the OSA in the experimental setup.
In distributed Raman transmission systems, the power evolution is significantly more complex than the simple propagation loss of a lumped amplifier system [see equation Eq. (2).1.14) in [24] for first order bi-directional pumping], which is in the general case nonintegrable. If we divide each distributed Raman span into M sections over which one may consider the gain or loss coefficient constant, the nonlinear product power can be written as:
where L k is the length of the k th fiber section (within the span), and g k represents the exponential gain/loss constant of the k th section. Equation (4) represents a discretized version of the continuous integral reported in [12] . We can see that the last term in Eq. (4) . M should be selected based on the desired accuracy and the number of pumps, since firstly the number of sections where the signal power is either increasing or decreasing increases in proportion to the number of pumps and secondly the curvature of these individual sections is more accurately modelled with a larger number of sections rather than an aggregate gain/loss value. In our non-exhaustive experience 4 times the number of pumps gives a reasonable approximation, and 32 equally spaced sections would be a practical upper limit. Figure 2 shows validation of Eq. (4) by simulation for a first order Raman pumped span, Fig. 2 (a) shows the XPM power as a function of frequency separation (between two CW lasers), Fig. 2(b) shows the power profile along the 62-km span. The validation considered different ratios of forward to backwards pump power (r f = P fw /(P fw + P bw )) subject to a condition of zero net loss. The theoretical solutions were obtained using 31-sections with g i calculated for Fig. 2(a) . At low frequency separation (Δβ→0), the power of the nonlinear product increases with an increasing fraction of forward pumping (r f ), due to the increase in peak signal power along the span. ) show that the occurrence of the first null in XPM power shifts to higher frequency separation as r f moves from 0% to 100%, the simulation results show a good agreement with the theoretical predictions. For higher frequency spacing, oscillation is observed due to the intra span phase matching described by summation in Eq. (4). For sufficiently high frequency separation (beyond 20GHz in this case), the phase mismatching dominates over gain/loss (Δβ>>g x ) and the nonlinear wave mixing power converges to (regardless of pumping scheme):
The convergence towards fixed null positions for frequency separation beyond 20 GHz may be clearly observed in Fig. 2(a) . Figure 3 shows validation of Eq. (4) by experiment for a second order Raman pumped span [25] , Fig. 3(a) shows the XPM power as a function of frequency separation (between two CW lasers), Fig. 3(b) figure shows the normalized power profile along the 62-km span. The experimental validation considered different r f (as shown in the legend), and the theoretical solutions of XPM were obtained using 31-sections with g i calculated from optical time domain reflectometer (OTDR) measurements for Fig. 3(b) . The CW laser power was changed by a factor of 0.4dB for each r f step, which correspond to achieve the same experimental nonlinear product power at low frequency separation. The CW laser power used for Fig. 3 was varied to maintain constant efficiency at low spacing to emphasize nonlinear power variations (at higher frequency spacing) and the location of the first null occurrence (for different power profiles). The experimental results show good agreement [within 0.7dB margin of error at the peaks, Fig. 3(b) ] with the theoretical predictions; the mismatch in the null depth between the experimental and theoretical results occurs due to the limited resolution of the OSA. We note that Eq. (5) is also valid for ideal lossless Raman amplification, which experiences the same limit of Eq. (4) as g x →0. 
Nonlinear Kerr power in OPC-assisted optical transmission systems
We next consider the net nonlinear wave mixing efficiency for the general case of multiple OPCs. As shown in An even number of segments is most interesting as it offers the prospect cancelation of the nonlinear wave mixing and corresponds to an odd number of OPCs in a single segment configuration, or an even number in a double segment configuration. Given that after any two consecutive segments all dispersion effects are compensated (neglecting higher order dispersion), all pairs of segments generate the same nonlinear field; so, the total field amplitude E F of the nonlinear product is: 
The terms in the squared brackets [of Eq. (6)] represent the coherent summation of the nonlinear field resulting from any two consecutive segments in the link. For discretely amplified transmission systems, the accumulated nonlinear field from an odd indexed segment (with N/N seg spans) can be written as [as Eq. (1) 
Substituting Eq. (7) and Eq. (8) into Eq. (6) gives the total nonlinear field generated by the OPC system which can be written as:
or in terms of power as:
Equation (10) can be simplified for fully dispersion compensated system (δ = 0) as:
and for dispersion uncompensated system (δ = 1) as: 
(12) Equation (11) shows that the fully dispersion compensated discretely amplified system with mid-link OPC has the same wave mixing efficiency irrespective of the number of OPCs, as the full dispersion compensation ensures all spans add coherently with identical phase. For the dispersion uncompensated case, the frequency spacing between quasi-phase matching peaks is strongly dependent on the number of segments. The square bracketed terms in Eq. (11) and Eq. (12) show that an OPC-assisted discretely amplified system rarely provides full nonlinearity compensation. A full nonlinearity compensation (P F (NL) = 0) can be realized in dispersion uncompensated systems when either deploying a full link of dispersion-less optical fiber (β" = 0), or deploying lossless spans (α = 0). The two conditions (β" = 0 and α = 0) must be present to achieve full nonlinearity compensation in fully dispersion managed system. A pre-OPC dispersion compensating stage have been proposed and experimentally validated by [27, 28] to minimize the nonlinear Kerr effects resulted in OPC assisted discretely amplified system, such system can be analytically modelled by scaling the second term in the squared brackets of Eq. (9) by exp(iΔβ DC L DC ); where Δβ DC and L DC represent the phase mismatching and the length of the dispersion compensating module used before the OPC. This technique provides an optimization factor that can minimize the asymmetric placement of the OPC, but does not show full nonlinearity compensation as concluded in [27] . Other asymmetric OPC deployment (non-mid-link) have been suggested in [29] , these systems can also be analytically modelled by altering the upper bound of the summations in Eq. (6) and (7) . In this paper, we will analyze the symmetric systems for their analytical simplicity. simulations and numerical simulations is observed in all cases confirming the accuracy of the analytical predictions. With full dispersion compensation (δ = 0%), the power of the nonlinear mixing product without mid-link OPC scales with (NL eff ) 2 which results in increasing nonlinear mixing product with reducing span length. In this analysis, we have kept the CW laser power to 0dBm to point out the increments of XPM power as the span length gets shorter and observe that the nonlinear power scales by (NL eff ) 2 . In designing systems with different span lengths, one might consider that a reduction of launched CW power (by (NL eff ) 2/3 ) into the fiber as the span length gets shorter to be a good design strategy. Quasi phase matching is not observed as predicted by the last term of Eq. (3), equal to N 2 for δ = 0. The observed frequency spacing dependent oscillations, which grow in amplitude with reducing span length correspond to intra-span phase matching [second squared bracket in Eq. (3)] and have a magnitude which scales with the span loss. With mid-link OPC and full dispersion compensation gives a strong reduction in net nonlinear wave mixing for narrow frequency spacing (corresponding to strong phase matching). The reduction in nonlinear wave mixing efficiency starts to fade away at as the frequency spacing increases until there is no compensation (corresponding to weak phase matching). This lack of compensation that the OPC can achieve in fully dispersion compensated systems can be theoretically concluded from Eq. (11) as the second term in the squared brackets dominates the nonlinear product power in the weakly phase matched region (Δβ>>α) and this term is identical to the corresponding term for a system without OPC [Eq. (3)].
Intuitively, one obtains the best compensation when α and Δβ are small because the nonlinear products generated before and after the OPC may easily be phase aligned for ideal cancellation. But for high beta, rapid evolution of the phase of the mixing products makes this increasingly difficult to achieve cancellation for all frequency separations simultaneously [as shown by the rapid oscillations in Fig. 5 (right column)] . The bandwidth over which nonlinearity compensation occurs in a fully dispersion compensated transmission system grows slowly as the span length decreases (10GHz for 2x100km system to 17GHz for 16x12.5km system) suggesting that only intra-channel nonlinear effects may be compensated for using an OPC, albeit all channels being compensated simultaneously in a single device.
In dispersion uncompensated system without OPC [ Fig. 5 , right column], the nonlinear mixing efficiency in the strongly phase matched regime also scales as (NL eff ) 2 and matches the nonlinear mixing efficiency for a fully dispersion compensated system at the quasi phase matching peaks (ΔβL = 2 m π). With a mid-link OPC a strong reduction in the net nonlinear mixing efficiency is always observed in the strongly phase matched regime. For a system with a long span length and only one span per segment (2x100km) the net wave mixing efficiencies converge at higher frequency separation and no net compensation occurs in the weakly phase matched regime. This may be seen from Eq. (3) , there is no net reduction in nonlinear mixing efficiency at the quasi-phase matching peaks, and the peaks themselves are doubled in width, although a degree of nonlinearity compensation occurs between the peaks. Reducing the span length enhances the extent to which this compensation occurs. For low span loss (not shown as we view sufficiently low span loss to be commercially impractical), substantial reduction in the net nonlinear wave mixing efficiency is possible even at the quasi-phase matching peaks. Figure 6 shows the power of the nonlinear wave mixing product as a function of the frequency separation between two CW lasers transmitted over a 24x100km discretely amplified system with different numbers of OPCs, and once more shows excellent agreement between analytical predictions and numerical simulations. The zero OPC case is plotted in all panels to aid comparison. The figure shows that the introduction of OPC still results compensation in the strong phase matching regime. As the span loss is high, negligible compensation occurs at the quasi-phase matching peaks, and increasing the number of OPCs increases the width of each peak and so diminishes the nonlinearity compensation. In the extreme case of one OPC per span (N seg = N) the system behaves as a fully dispersion compensated system with a single OPC [Eq. (11) ] and the total mixing efficiency is higher with an OPC every span than without any. Figure 7 shows an experimental validation of Eq. (12), the figure shows the power of the nonlinear mixing product power as a function of frequency separation between two CW laser propagating through a 2x100km system with an OPC in between the two spans. The setup uses three EDFAs: one to compensate for the loss of the first span, one to compensate for the OPC loss, and one to compensate for the loss of the second span. We used a dual pump polarization insensitive OPC, the two OPC pumps were counter dithered by two tones (60MHz and 600MHz) to increase SBS threshold as described fully in [17] . The experimental results show a good agreement with the theoretical predictions within a margin of error of less than 0.5dB (at the peaks), and a mismatching at the nulls due to the limited OSA resolution.
In distributed Raman transmission system, the power of the nonlinear mixing products of a link including one or more OPCs may be calculated by substituting on Eq. (4) 
The equation still shows [as Eq. (10)] quasi-phase matching within each segment and coherent addition of nonlinear mixing fields from odd and even numbered segments (last term). Figure 8 (right column) shows the nonlinear mixing product power resulted from the propagation of two CW lasers a through 200km distributed Raman system with pump intervals, the power profile per span is shown in the left column. Longer pump intervals will have larger signal power excursions and larger variability with pump configuration. As a result, power of the mixing product in the strongly phase matched regime is higher for span length. Once more, the use of an OPC significantly reduces the nonlinear mixing product in the strongly phase matched region regardless of the span length or the pumping scheme. For intermediate phase matching, the nonlinearity compensation is reduced, especially for systems with long span length (100km) reaching its maximum value at frequency separation ranging around 8GHz (for 2x100km system), 12GHz (for 4x50km system), 17GHz (for 8x25km), and 25GHz (for 16x12.5GHz). Beyond these frequencies, the nonlinear mixing efficiency is dominated by the propagation constant difference. In general, as the frequency separation raise above the frequency separation at which the nonlinear product power reached its maximum (in OPC assisted system), the nonlinear product power starts to decline at higher rate compared to the one resulted in a system without OPC; the reasoning for that is the fact the value of Δβ starts to dominate over gain/attenuation coefficients (g x ) which gets the system to get closer to the OPC assisted quasi-lossless Raman system that provide full compensation of the nonlinear Kerr effects. Unlike a lumped amplification system, in all cases the OPC provides a significant reduction in the net nonlinear mixing efficiency when Raman amplification is employed, even if in certain circumstances (for example a frequency spacing of 6 GHz in a 100km span system) the net efficiency remains high. This is especially true at shorter span lengths where over a 25dB suppression is observed in the Raman system with 12.5km spans, whilst negligible suppression is observed in an equivalent lumped system at the quasi phase matching peaks with a maximum suppression below 20dB elsewhere. This broadband suppression of nonlinear mixing efficiency when Raman amplification and OPC are combined is particularly attractive in the context of a fully loaded WDM system. Figure 9 shows a validation of the analytical predictions [Eq. (13)] against numerical simulations results for a 24x50km distributed Raman system [with the six power profiles of Fig. 8(b) ] with different numbers of OPCs. Again, the theoretical predictions match the simulation results. The results still show that the multi-OPC solution in distributed Raman systems causes a broadening in the peaks in nonlinear mixing efficiency corresponding to quasi-phase matching. In terms of the inter-signal nonlinearity considered here, this broadening will result a degradation in the compensation efficiency as the number of OPCs is increased. However, given that over 25dB compensation is possible the system is likely to be limited by stochastic effects such as PMD, reducing the compensation efficiency, and parametric noise amplification, both show monotonic improvement as the number of OPCs is increased, suggesting that an optimum number of OPCs will exist for Raman amplified OPC based links. To experimentally validate Eq. (13), we built a 2x50km distributed Raman transmission system and evaluated the nonlinear mixing products generated by two CW lasers (6dBm each), as shown in Fig. 10 . A high-power Raman pump (located at 1455nm) was split equally to be injected (using a wavelength division multiplexer) in the backward direction of the two 50km spans. An isolator was used to prevent any remains of the Raman pump to pass through to the lasers or EDFAs. In between the two spans two paths were created: with and without OPC. In both paths an EDFA is used to restore the laser powers to 6dBm. The path with the OPC used an EDFA pre-amplifier, band pass filters to eliminate out of band ASE noise, a single fiber grating filtered high-power pump, and a highly nonlinear fiber (L = 170m, λ 0 = 1549.7nm, γ = 14/W/km). OTDR measurements of power profile [shown as an inset to Fig.  10 ] were performed on both spans and compared with the theoretical power profile showing a good agreement. Figure 11 illustrates a close match between the experimental results and analytical predictions with 0.8dB margin of error and confirm significant nonlinearity compensation over the full bandwidth of the measurement (except at the nulls). The mismatch with the theoretical predictions at the nulls is due to the amplified spontaneous emission (ASE) noise floor induced by the inline EDFAs. Fig. 10 . 2x50km backward pumped 1st order distributed Raman transmission system (with and without mid-link OPC) passing through two CW lasers (with varying frequency separation). Each CW propagating through the system enter the Raman span with 6dBm power, Raman pump (1455nm) power was calibrated to achieve 0dB net gain. The inset figure on the bottom right shows the OTDR measurements of the power profile along the 1st order distributed Raman amplified 50km spans compared with the theory [as reported in Fig. 8 ]. 
Conclusions
We have presented analytical equations describing the nonlinear wave mixing efficiency for periodically amplified optical transmission systems using both lumped and Raman amplifiers, and for an arbitrary number of OPCs, allowing for the inclusion of span-by-span dispersion management. The closed form equations were all verified against numerical simulations, and selected configurations verified experimentally. In addition to a consistent approach, allowing a direct comparison of the various link configurations, we have introduced for the first time generic equations for distributed Raman systems with arbitrary number of OPCs. Our verification results show that nonlinearity compensation efficiency is always high in the strongly phase matched regime, and improves as the signal power within a span reduces, either through Raman amplification, or via reduced span length. An OPC-assisted distributed Raman amplified systems always provide a higher compensation efficiency compared to an equivalent OPC-assisted discretely amplified system, and retains its efficiency over the full range of frequency separations studied. However, in contrast to stochastic effects, such as signal noise interactions, which favor a multi-OPC configuration, we have seen that the multi-OPC approach always diminishes the level of nonlinearity compensation for inter signal effects compared to a single OPC, suggesting that an optimum number of OPCs exists. Finally, we would note that whilst dispersion compensated OPCs [29] are not considered explicitly here, we anticipate that the general trends observed here will remain valid. The closed form equations presented in this work provide the basis to the calculation of nonlinear noise generated from spectrally efficient WDM modulated signals, this calculation requires the double integral of the presented equations over the modulated signals bandwidth. As was shown in [2, 22, 23] , the total nonlinear noise generated in a WDM system can be derived from Eq. (3) (for discretely amplified transmission systems without OPC).
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